
614 D I E  K R I S T A L L S T I ~ U K T U I ~  D E R  H E X A F L U O I ~ O P H O S P H O R S ~ U R E  

peratur die Anordnung der PFe-Baugruppen nicht 
mehr statistisch erfolgt und vielleicht zu einer ~ber- 
struktur mit einer verdoppelten Achse Anlass gibt, 
doch konnte bisher nichts Dahingehendes beobachtet 
werden. 

Der P-F-Abstand in der Si~ure betr~gt 1,73 J~ und 
ist somit grSsser als in den Baugruppen bei den Salzen: 
beim KP:F 6 betr~gt dieser Wert nur 1,58 A. Dieser 
grSssere Abstand zwischen P und F weist darauf hin, 
dass die Bindung zwischen diesen Atomen geschw~cht 
ist; dadurch l~isst sich die leichte Hydrolysierbarkeit 
dieser Bindung in der S~ure verstehen. Dem ent- 
spricht, dass allgemein das PFe-Ion in saurer L(isung 
zur Zersetzung neigt, w~hrend es in alkalischer 
LSsung bemerkenswert stabil ist. 

Diese 'K~figstruktur' der Sii, ure zeigt keine Analogie 
zu der Wasserhiille bei den Gashydraten (Stackelberg 
& Miiller, 1951, 1952; Clausen, 1951), bei denen die 

Wassergertiste aus ~inf-  und Sechsringen gebfldet 
werden, wodurch sich andere stSchiometrische Zusam- 
mensetzungen ergeben, etwa X.5~H~O. 

Der deutschen Forschungsgemeinschaft mad dem 
Hamburger Forschungsrat danken wir fiir die ~ber- 
lassung der RSntgenapparate, dem Bayerwerk, Lever- 
kusen, fiir wasserfreie Flusssi~ure. 
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The procedure necessary for the determination of the elastic constants of crystals belonging to the 
orthorhombie system is considered. It  is shown that six of the nine elastic constants can be ob- 
tained from measurements which depend on only the particular elastic constant under considera- 
tion; the remaining constants can be fotmd from measurements which depend on several elastic 
constants. In the cubic, tetragonal and hexagonal systems the constant c19 may be simply deter- 
mined from a measurement depending only on (Cn--Cl,). The relative accuracy with which the 
constants can be determined is also discussed. 

I n t r o d u c t i o n  

There are certain non-cubic crystals which have sym- 
metries sufficiently high to make the determination 
of the elastic properties by using diffuse X-ray re- 
flexions only slightly more dffficul~ than with cubic 
crystals. Whereas in cubic crystals the elastic prop- 
erties are defined by the matrix 

ell c12 c12 0 
Cll C12 0 

C n 0 
C44 

0 0 
0 0 
0 0 
0 0 
c44 0 

C44, 

in the orthorhombic system we have 

c1~ c12 c13 0 
c22 c23 0 

c83 0 

C44 

in the hexagonal system 

cll C12 c~3 0 
c n cls 0 

c3a 0 
C44 

0 0 
0 0 
0 0 
0 0 
c55 0 

C66, 

0 0 
0 0 
0 0 
0 0 
c44 0 

½(c11-c12) , 
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and in the tetragonal system, classes, 42, 42m, 4mm, 
4/mmm, 

Cll C12 Cl 3 
Cll C13 

C33 

0 0 0 
0 0 0 
0 0 0 
c44 0 0 

C44 0 
C66 • 

I t  will be seen tha t  the zero-value elastic constants 
occur in the same position in each matrix. This fact 
makes it  appropriate to t reat  all these classes of sym- 
met ry  together. 

The proper  choice  of diffuse ref lexions  

In  principle any number  of observations can be made 
on the intensity of diffuse X-ray reflexion and each 
observation depends on one or more elastic constants. 
I t  is always possible, therefore, to obtain a sufficient 
number of equations from which the constants can be 
determined, provided t ha t  the accuracy of observation 
is high enough. I t  is because of the limitation on the 
accuracy tha t  consideration must be given to the choice 
of reflexion. Ramachandran  & Wooster (1951) have 
pointed out tha t  the opt imum experimental conditions 
are obtained when the Bragg angle of the reflexion lies 
between 20 ° and 40 ° and when the intensity of the 
Bragg reflexion is large. I t  often happens tha t  there 
is no plane of indices such as h00 or 0/C0 or 001 which 
satisfies both these conditions and recourse must be 
had to reflexions of the type hkO, O/cl, hOl. Each ob- 
servation of this kind involves at  least two elastic 
constants, and this m a y  make it more difficult to 
achieve a specified accuracy in the determination of 
the constants. Planes of the type h/cl are not used 
because the diffuse reflexions involve such a large 
number of constants. The results derived in this paper 
have been used in a s tudy  of the elastic properties of 
tin which will be published later. 

The  K values  for  p a r t i c u l a r  r ekhas  and relps  

The intensi ty of diffuse X-ray scattering from a small 
element of volume lying along a line (rekha) passing 
through a given reciprocal-lattice point (relp) is pro- 
portional to the K value. The general expression for 
the K value has been given by Ramachandran & 
Wooster (I951) as follows: 

Jl" [ i B C ] h k  l = p2  (A-1)11 + Q~ (A-1)22 + R2 (A --1)3 3 
+ 2PQ (A-1)1~. + 2PR(A  -1)13 + 2QR(A -1)23, (1) 

where P,  Q, R are the direction cosines of the rel- 
vector, hkl, with respect to the orthogonal coordinates 
used to define the rekha, and ( A - 1 ) i / a r e  the elements 
of the matrix,  A -1, inverse to the matrix A~./, whose 
elements are given by 
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A l l  = 

A22 -- 

A33 -- 

A12 -- 

A13 

A23 

Cll u2 ~- cee v2-~ c55 w2 ~- 2CseVW -J- 2c15wu-t- 2c16uv, 
C66 u2 ~- C22 v2 -~- C44 w2 -~- 2C24VW + 2C46WU-t- 2c2euv, 
c55u2 -~- c44 v2 + c33 w2 -~- 2c34vw + 2c35wu + 2CasUV , 
c16 u2 ~- c26 v2 -J- c45 w2 ~- (c25 -~- c46)vw -~ (c14 -~ c56)wu 

-~ (c12 -~- c66 ) u v ,  

c15 u2 + c4e v2 + c35w ~" + (c3e + c45)vw + (c13 + css)wu 
+ (c14 + cs6)uv, 
C56 u2 -J- C24 y2 -~- C34W 2 + (C23 -J- C44)?)W -J- (C36 Jr C45)W?Z 

-~ (C25 -~- C46)UV • 

In  the orthorhombic system, using the matr ix  for 
cik given above, the evaluation of the A ik leads to the 
following expressions: 

A l l  ~-- Vll u2 -~- C66 v2 ~- C55 w2 , 

A22 ~ c66 u2 ~- c22 v2 -~- c44 w2 , 

A33 -~ c55 u2 ~- c44v 2-~- c33 w2 , 

A12 = (c12 +cee)uv , 
A13 = (c13+%~)ura , 

A23 = (c23+c44)vw. 

For the direction [100] we have 

u - - - l ,  v = w = O ;  

the components of the reciprocal matrix are 

1/c n 0 0 
1/c6e 0 

1/cs5 • 

For the relps having indices h/c0, which correspond to  
direction cosines P,  Q, R, of the rel-vector, the K value 
is, from equation (1), 

K[100]hz0 --- p2/Cll + Q2/c66 . 

When this method is applied to the most suitable 
relps and rekhas we obtain the values shown in Table 1. 
In  the first half of the table the conditions for deter- 
mining the cik's for which i - - k  are set out and in 
the second half the conditions for determining the 
cik's for which i :9 k are given. 

In the second half of the table the K values are 
given for planes of the type h00, 0k0, 001 only. The 
expressions for K values of hkO, O/cl, hO1 planes are 
more involved, though the same elastic constants are 
present. These planes can be used when no suitable 
planes of indices h00, 0k0, 00l are available. However, 
with an appropriate choice of wavelength it will 
seldom happen tha t  planes of the type h/CO, O/cl, hO1 
must be used. 

The corresponding values in the hexagonal and 
tetragonal systems of symmetry  may be obtained from 
Table 1 by substituting the appropriate suffixes to the 
cik's. Thus, for instance, in the tetragonal system 
c22, c23 and c55 must be replaced by Cn, c13 and c44 
respectively, as is shown in the matrix in the first 
paragraph of this paper. 

In  the same tetragonal and hexagonal classes of 

42* 
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Direction cosines 
of rekh .a 

(uvw) 

100 

010 

001 

r 
h00 0k0 00l 

1 1 1 
el l  C66 C5~ 

Table 1. K values in the orthorhombi~ system 

Indices of relp hkl 
^ 

1 1 1 
~66 C~2 C44 

1 1 1 
C55 C44 C33 

hkO Okl hO1 
__:_P'+ ~ Q' ~ P~ R~ 
~11 ~66 C66 C55 Cll C~5 

p~ Q~ Q~ R~ p~ R ~ 
C66 C22 C22 C44 

C55 C44 C44 C~ 

C66 C~ 

p~ R ~ 
C55 C33 

Direction cosines of 
rekha (uvw) h00 

2(c~+c~) 
1 / 1/2, 1 / 1/2, 0 {c~(c~ +cee ) + c2~cee 

--2C1~C66--C~ } 

2 
0, 111/2, 1]1/2 c~+c~ 

2(c~+c~) 
1 / 1/2, 0, 1 / 1/2 {cu(caa + ca~)-J- c~ca~ 

-- 2c~ac~a--ch} 

Indices of relp hkl 
^ 

0k0 

2 (~11 -~- C66) 
{c~1 (c~ + c~) + c~c~ 

- 2c~c~- c~} 

001 

C44 ~- C55 

2(c~ + cu) 2(c~ + cu) 
{c~(c~ + c~) + c~c u 

- 2 c ~ c u - c h }  

2 2(C11-~t- C55 ) 

C44 -~- C66 
- 2c~ac~ - c~s } 

s y m m e t r y  i t  is possible to f ind c12 very  simply.  On 
applying the  usual  formulae it  will be found tha t  the  
value of K [ 1 / ~ / 2 , - l / V 2  , o]hn0 is given by  2/(cn-c19 ). 
The same result  also occurs in  the  cubic system. This 
K value is, therefore, well suited to the determinat ion 
of cq~. 

T h e  a c c u r a c y  w i t h  w h i c h  the  e la s t i c  c o n s t a n t s  
m a y  be  d e t e r m i n e d  

I t  will be seen from Table 1 tha t  the  six constants  for 
which the suffi~es are equal, name ly  e l l  , C22 , C33 , C44 , C55 
and %e, m a y  be de termined independent ly  of one 
another.  For  this, however, an  absolute measurement  
of the in tens i ty  of diffuse reflexion mus t  be made  
and  for such measurements  the accuracy is lower t h a n  
for relat ive measurements .  F rom relp h00 the  ratios 
c55[c~1 and c66/Cll m a y  be found;  f rom relp 0/d) c4Jc~ 2 
and c6e/c~9; the  ratio c99[c n m a y  be found from the 
two ratios c6e/Cll and c6Jc2~. Fina l ly  f rom the relp 
00l the ratios c~[caa and csJcaa m a y  be determined.  
I n  this  way  the  five ratios C22/Cll , C33/Cll , C44/Cll , C55/Cll 
and %/Cn may be measured. A single absolute mea. 
surement  suffices to pu t  all of these constants  on an 
absolute scale. 

After  determining the constants cik for which 
i = k it  is possible to determine the  three for which 
i # k, name ly  c1~, cla and  c~a. The expression for 
K[1/V2, l/V2, 0]h00 in Table 1 shows the  way  in  which 
c~. can be found. The following relat ion holds: 

c11(c~ +cee) + c~cee-  2cl~cee- c~2 = 

2(c2~+ce6)/g[1/l/2, 1/1 /2 ,  0]boo • 

From this  equat ion we obta in  

c1~ = - c e e ± V [ c ~ 6  

+{c~%s+(cg.~+%e) (c11-2]K[1/~2, 1[]/2, 0]hoe)}] (2) 

(the negat ive sign before the  root is never  applicable).  
The accuracy wi th  which the  constants  Cl~ , cga and  

cla can be determined is general ly less t h a n  tha t  of the  
cii constants. This is in  par t  due to the  way  in  which 
t hey  occur in the formulae for K[1/~/2, 1/~/2, 0]h00 etc., 
and  also to the  fact  tha t  t hey  involve several other 
constants.  

However, a s tudy  of a number  of actual  examples  
shows tha t  the  accuracy of c1~, c~a and  cla need not  
be much  lower than  tha t  of the other constants.  

One of the authors  (S. C. P.) feels a great  pleasure 
in recording his gratefulness to the  Government  of 
Bihar, India, for the grant of a research scholarship 
and the leave for the period in  which this  work has  
been carried out. 
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